In this paper, we obtain lower bounds for the domination numbers of connected graphs with girth at least 7. We show that the domination number of a connected graph with girth at least 7 is either 1 or at least 1 2 (3 + 8(m − n) + 9), where n is the number of vertices in the graph and m is the number of edges in the graph. For graphs with minimum degree 2 and girth at least 7, the lower bound can be improved to max { √ n,
Introduction
Let G = (V, E) be a graph, D ⊆ V is a dominating set in G if each vertex in V − D is adjacent to at least one vertex in D. A dominating set D is a minimum dominating set if G does not contain a dominating set of cardinality less than that of D. In graph theory, the domination number of a graph is the cardinality of a minimum dominating set in the graph.
Extensive research has been conducted to obtain upper bounds for the domination numbers of graphs. In [11] , it is shown that the domination number of a connected graph is at most the half of the number of vertices in the graph. For graphs of minimum degree 2, it is shown in [1] and [10] that the domination numbers of almost all such graphs are at most 2n 5 , where n is the number of vertices in a graph. In [10, 12, 14] , it is shown that these upper bounds are sharp. In [13] , an upper bound of 3n 8 is established for any graph of minimum degree 3, where n is the number of vertices in the graph.
The girth of a graph is the length of the shortest cycle in the graph. In [5] , it is shown that the domination number of any connected cubic graph of order at least 8 and girth g is at most (
where n is the number of vertices in the graph. In [4] , the domination numbers of 2-edge connected cubic graphs with girth 3k are studied and it is shown that an upper bound of ( )n holds for the domination numbers of such graphs, where n is the number of vertices in such a graph.
In [2] , an upper bound of ⌈ n 2 − g 6 ⌉ is obtained for graphs with minimum degree 2 and girth g. Similar results on the upper bounds of such graphs are also shown in [8, 9, 7] . In [6] , graphs with minimum degree 2 and girth at least 5 are studied and an upper bound of (
)n is established for the domination number of such graphs, where n is the number of vertices in the graph and g is the girth of the graph. Results on both lower and upper bounds for the independent domination numbers of graphs of girth 6 are provided in [3] .
In this paper, we establish lower bounds for the domination numbers of connected graphs with girth at least 7. Using a technique based on graph partition, we show that the domination number of a connected graph with girth at least 7 is either 1 or at least 1 2 (3 + 8(m − n) + 9), where m and n are the numbers of edges and vertices in the graph respectively. For graphs with minimum degree 2 and girth at least 7, we show that the lower bound can be improved to max { √ n, 2m 3 }. When the girth g of the graph is at least 12, we show that the lower bound can be further improved to max { √ n,
m}.
Results

A Partition Theorem
The lower bounds for domination numbers are obtained by partitioning a graph into disjoint vertex subsets. Given a graph G = (V, E), we use γ(G) to denote the domination number of G. A vertex subset D ⊆ V is outer-dominated if there exists a vertex u such that u is not in D and u is adjacent to each vertex in D. We show that vertices in G can be partitioned into γ(G) disjoint vertex subsets such that each vertex subset contains a vertex from a minimum dominating set in G and is not outer-dominated.
contains a vertex from a minimum dominating set in G and is not outer-dominated.
Proof. Since the domination number of G is γ(G), G contains a minimum dominating set D that contains γ(G) vertices. We use u 1 , u 2 , · · · , u γ(G) to denote the vertices in D. We then partition the vertices in G with the following algorithm.
2. if there exists a vertex u that is not included in any of S 1 , S 2 , · · · , S γ(G) , we find all vertices in D that are adjacent to u in D and arbitrarily pick a vertex u i from them;
3. update S i to be S i ∪ {u};
4. go back to step 2 if there exists a vertex that is not included in any of S 1 , S 2 , · · · , S γ(G) , otherwise continue to execute step 5;
5. color each vertex in G to be red;
6. if there exists a vertex v and two different subsets S i , S j such that v ∈ S i and v is adjacent to each vertex in S j , move v from S i to S j and color v to be green; otherwise continue to execute step 8;
7. go back to step 6;
We show that the above algorithm terminates and outputs a disjoint partition of vertices in G. We first show that none of vertices in D are moved and colored to be green by the algorithm. To see this, we consider u i ∈ D. From step 2, u i is adjacent to all red vertices in S i . From step 6, any green vertex later added to S i is adjacent to u i . If u i is also adjacent to all vertices in a different subset S j , D − {u j } is a dominating set in G and it contains γ(G) − 1 vertices only. This contradicts the fact that D is a minimum dominating set. Such a subset S j thus does not exist. From step 6, we conclude that u i is never moved during the execution of the algorithm.
We then show that a vertex is moved from one subset to another for at most once. In other words, a green vertex is never moved from a subset to another one. To see this, consider a green vertex w ∈ S i , we claim that w is adjacent to all other vertices in S i since from step 6, w is adjacent to all red vertices in S i and each green vertex added later to S i is also adjacent to w. If w is also adjacent to all vertices in another subset S j , (D − {u i , u j }) ∪ {w} is a dominating set in G and contains only γ(G) − 1 vertices. This is contradictory to the fact that D is a minimum dominating set. Such a vertex subset S j thus does not exist and w is never moved again after it is moved to S i .
Since G contains |V | vertices in total and a vertex is moved for at most once, step 6 is executed for at most |V | times. The algorithm thus halts and outputs a disjoint partition of vertices in G. It is straightforward to see that each subset in the partition is not outer-dominated. The theorem thus follows.
The Lower Bounds
We now consider the domination numbers of connected graphs that are of girth at least Proof. The domination number of G is 1 when it is a star. We thus assume G is not a star. We use γ(G) to denote the domination number of G. G contains a minimum dominating set D of cardinality γ(G). We use u 1 , u 2 , · · · , u γ(G) to denote the vertices in D. From Theorem 2.1, vertices in G can be partitioned into γ(G) disjoint subsets S 1 , S 2 , · · · , S γ(G) such that u i ∈ S i for each 1 ≤ i ≤ γ(G) and S i is not outer-dominated.
We consider the subgraph induced on S i in G. Note that u i ∈ S i and all other vertices in S i are adjacent to u i . The subgraph induced on S i is a star centered at u i since otherwise a cycle of length 3 exists in G, which is contradictory to the fact the girth of G is 7. In addition, S i contains at least 2 vertices since S i is not outer-dominated.
We now divide the edges in G into two disjoint subsets I 1 and I 2 . Namely, I 1 is the set of edges contained in subgraphs induced on S 1 , S 2 , · · · , S γ(G) . An edge in I 1 is an inner-edge in G. I 2 is the set of edges that are not in I 1 . An edge in I 2 is an intra-edge in G.
Since the subgraph induced on S i is a star centered at u i , I 1 contains at most n−γ(G) edges. For two arbitrary subsets S i and S j , the number of intra-edges that join a vertex from S i and another one from S j is at most 1, since otherwise a cycle of length at most 6 exists in the subgraph induced on S i ∪ S j , which contradicts the fact that the girth of G is at least 7. The total number of intra-edges is thus at most 1 2 γ(G)(γ(G) − 1). Since m = |I 1 | + |I 2 |, the following inequality holds for γ(G).
Since G is not a star, γ(G) ≥ 2. From the above inequality, we obtain
We then consider the case where the minimum degree of G is 2. Since the subgraph induced on S i is a star centered at u i and the degree of each vertex in S i − {u i } is at least 2, each vertex in S i − {u i } is connected to at least another vertex not in S i by an intra-edge. However, since the number of intra-edges between any pair of subsets is at most 1, the number of intra-edges incident to a vertex in S i is at most γ(G) − 1. The number of vertices in S i is thus at most γ(G). Since
where the inequality is due to the fact that |S i | ≤ γ(G). From the above inequality, we obtain γ(G) ≥ √ n. On the other hand, since |S i | ≤ γ(G), the number of inner-edges is at most γ(G)(γ(G) − 1).
The above inequality leads to γ(G) ≥ We now show that an improved upper bound can be obtained when the graph is of minimum degree 2 and its girth is at least 12. We need the following lemma to bound the number of edges in a graph of girth g from above.
Lemma 2.1 Let G = (V, E) be a graph of girth at least g (g ≥ 3) , G contains at most
2 edges, where n is the number of vertices in G.
Proof. We consider all vertex subsets that contain g − 1 vertices in G. Since the girth of G is at least g, the subgraph induced on each of such subsets is a forest, the number of edges contained in such a subgraph is thus at most g − 2. The sum of the edges in all such subgraphs is at most (g − 2) n g−1 .
On the other hand, each edge in G is counted for n−2 g−3 times in the sum of the edges in all such subgraphs. We there immediately obtain
From the above inequality, we can immediately obtain
The lemma thus follows.
Theorem 2.3 Let G = (V, E) be a graph of girth g (g ≥ 12) and minimum degree 2, the domination number of G is at least max { √ n,
m}, where m and n are the numbers of edges and vertices in G.
Proof. We use γ(G) to denote the domination number of G. As in the proof of Theorem 2.2, G can be partitioned into γ(G) disjoint vertex subsets S 1 , S 2 , · · · , S γ(G) based on a minimum dominating set D = {u 1 , u 2 , · · · , u γ(G) } in G. The subgraph induced on each S i (1 ≤ i ≤ γ(G)) is a star centered at u i . Similarly, I 1 and I 2 are the sets of inner-edges and intra-edges respectively. Since g ≥ 12,
We use a vertex r i to represent each S i and a graph H of γ(G) vertices can be constructed to describe the relationships among the γ(G) vertex subsets. Two vertices r i and r j are joined by an edge in H if there exists an intra-edge that connects a vertex in S i to another one in S j in G. We claim that H is a graph of girth at least ⌊ g 3 ⌋ since otherwise G contains a cycle of length at most 3(⌊ g 3 ⌋ − 1) < g, which contradicts the fact that the girth of G is g.We use E(H) to denote the number of edges in H and d i to denote the degree of r i in H. Since each vertex in G is of degree at least 2, S i contains at most d i inner-edges. The total number of inner-edges is thus at most
On the other hand, the number of intra-edges is at most
From the above inequality, we obtain
The theorem thus follows.
We need to point out here that the lower bound in Theorem 2.3 can be further improved when g = 12, 13 or 14 due to a well known fact that a triangle free graph contains at most n 2 4 edges, where n is the number of vertices in the graph.
Conclusions
In this paper, we study the lower bounds for the domination numbers of connected graphs with girth at least 7. Based on a partition based technique, we obtain a lower bound for the domination numbers of such graphs. In addition, we show that the lower bound can be improved if the minimum degree of the graph is at least 2. In cases where the girth of the graph is at least 12, we show that the lower bound can be further improved.
A closer analysis can show that the lower bound we have obtained is sharp when the girth of the graph is 7. However, since the upper bound on the edge number in Lemma 2.1 is not sharp, it is very likely that the lower bound in Theorem 2.3 is not sharp either. Therefore, whether improved lower bounds can be obtained for the domination numbers of graphs with large girths or not is an interesting problem and constitutes an important part of our future work.
